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1. Introduction

Recent years have witnessed a huge and rapidly growing
literature concerned with multi-agent problems due to the
broad applications in various disciplines. The leader-follower
coordination, as one of the important problems of multi-agent
networks, has been studied in the last decade, with significant
results obtained for first-order or second-order multi-agent
systems. Static-leader cases were studied with jointly-connected
interaction topologies in Jadbabaie, Lin, and Morse (2003).
Moreover, potential function approaches were used to drive the
agents to follow a desired trajectory in Olfati-Saber (2006) and
similar results under relaxed assumptions were obtained in Ren
and Beard (2008) and Su, Wang, and Lin (2009). To follow a moving
leader with unmeasurable velocity, distributed observers were
designed for second-order multi-agent systems in Hong, Chen,
and Bushnell (2008). Also, an estimator-based tracking problem
was investigated for a leader-follower system with measurement
noises in Hu and Feng (2010).
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Due to the practical demand, multi-agent coordination with
multiple leaders becomes more and more important since multiple
leaders may be useful to achieve effectively the containment or
guidance of an agent group in a target region (see Couzin, Krause,
Franks, and Levin (2005)). Target aggregation or containment with
multiple leaders was developed, aiming at containing a group of
agents in a specific target region. Containment control schemes
were proposed to make the agents stay in the convex set spanned
by the multiple leaders in Ji, Ferrari-Trecate, Egerstedt, and Buffa
(2008). The target containment of nonlinear multi-agent systems
with different switching topologies was considered to contain a
group of agents guided by leaders in a given target set in Shi
and Hong (2009). Also, a distributed control method was reported
for multi-agent containment in Cao and Ren (2010). Additionally,
the attitude containment control was studied in Dimarogonas,
Tsiotras, and Kyriakopoulos (2009), while finite-time control law
was designed for containment in Meng, Ren, and You (2010).

Random switching topologies were also investigated for multi-
agent coordination algorithms due to many practical backgrounds
including gossip algorithms and communication patterns (for
example, Boyd, Ghosh, Prabhakar, and Shah (2006) and Matei,
Martins, and Baras (2009)). In fact, during the information
transmission, packet drop and node failure phenomena can be
described as random switching graph processes, and multi-
agent consensus with various random graph processes was also
important. To solve the related coordination problems, different
approaches were proposed. For example, the asymptotic almost
sure consensus is achieved over random information networks in
Porfiri and Stilwell (2007), where the existence of any edge in
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a topology is probabilistic and independent from the existence
of any other edge. Moreover, similar results were obtained for
stationary and ergodic graph processes in Tahbaz-Salehi and
Jadbabaie (2010), while the mean square consensus problem was
discussed for a second-order discrete-time system with Markovian
graphs in Zhang and Tian (2009). Additionally, Liu, Lu, and Chen
(2011) also investigated consensus problem based on adapted
stochastic processes.

To our knowledge, there is no theoretical result on containment
of second-order multi-agent systems with random switching
interconnections. The objective of the paper is to study the
containment control for a second-order multi-agent system with
a target set specified by multiple leaders. Here, we develop a new
method to solve the problem with the help of both convex analysis
and stochastic process analysis, because the existing methods on
random consensus used in Porfiri and Stilwell (2007), Tahbaz-
Salehi and Jadbabaie (2010) and Zhang and Tian (2009), or the
containment methods for deterministic systems proposed in Cao
and Ren (2010) and Ji et al. (2008), cannot be applied to solve
our problem; we solve the containment of the second-order agent
systems with switching topologies, which is more complicated
than the first-order agent model with deterministic switching
studied in Shi and Hong (2009). Additionally, we investigate set
containment for continuous-time systems, different from many
existing random consensus results for discrete-time systems.

Notation. I, is the n x n identity matrix; For a given vector x, x”
stands for its transpose, ||x||, for its Euclidean norm; For a given
matrix F, |F||s stands for its infinite norm, exp(F) for its matrix
exponential, (F); for its i-th row and j-th column entry; (W),
denotes the 2n x 2n left upper block of matrix W e R@mDx@n+D.
® denotes Kronecker product.

2. Preliminaries and formulation

In this section, we introduce preliminary knowledge about
graph theory and stochastic process, and then our problem
formulation.

It is known that the interaction topology of a multi-agent
system consisting of n agents (followers) and [ leaders can be
described by a digraph § = (V, &) with the set of nodes V =
4 |J &£ and the set of arcs € € 'V x V. Without loss of generality, we
assume the first n agents as the followers and the last [ agents as the
leaders.Let{ = {1,...,n}and £L = {n+1, ..., n+ [} denote the
index sets of followers and leaders, respectively. (i, j) € & means
that there is an arc from node i to node j (or equivalently, node j
is a neighbor of node i). The adjacency matrix associated with the
graphis denoted as A = [ajj](n-+i)x (n+1 With nonnegative adjacency
elements a;. The element a;; of matrix A associated with arc (i, j) is
positive, i.e., a; > 0if and only if (i, j) € &. There is no self-loop in
g,ie,a; = 0foralli € V.In our problem, a; = O foralli € &£ and
j € V.Apathfromitojin § is a sequence ig, i1, .. ., i, of distinct
nodes such that (iy_q, i) € € fork =1, ...,(, whereig =1i,i, =j.
Node j is reachable from node i if there is at least one path fromi to
j. Leader set £ is reachable from node i if there exists at least one
leaderj € £ such thatj is reachable from i. Moreover, £ is globally
reachable in § if it is reachable from every node of J.

Given digraph g, &(4) and A(4) denote the set of arcs and the
adjacency matrix of §, respectively. The set of neighbors of node
iin £ and £ are denoted by N ($) = {jI(i,j) € &(9),j € 4},
Ni($) = {jl(Q,)) € €(%),j € L}, respectively. Ulsrsp g, denotes
the union graph with nodes set V and arcs set U1<r<p €(Gr). Let
g/ be the induced subgraph of § with all followers as nodes. The
degree matrix of § is a diagonal matrix D' = diag{d/, ..., d\}

with dlf = D 1<j<n @j(1 < i < n) and the Laplacian matrix of gy

is defined as I/ = D' — A”, where A/ is the adjacency matrix of §/
(referring to Godsil and Royle (2001) for details). Moreover, A" and
D" denote the adjacency and degree matrix between followers and
leaders, respectively, i.e., (A" = ipir), D" = diag{dq, Ly,

where d{l =D i< Giin (1 <0 < n).

To deal with random switching of multi-agent systems, we have
to consider stochastic processes (referring to Chow and Teicher
(1997), Norris (1997) and Ross (1983)). Given a probability space

&, F,P).The elements of & are called sample events. ForQ € F,
the indicator function xq : & — Ris defined by yqo(w) = 1if
w € Q, and xq (w) = 0 otherwise. Ex denotes the expectation of
random variable x. Let {¢y, k = 0, 1, ...} be an ergodic stationary
sequence, and g an infinite dimensional Borel measurable function.
Then {&,k = 0,1, ...} is also an ergodic stationary sequence if
E|&| < +o00, where &, = g(¢k, @k+1, - - .)- According to the strong
law of large numbers of ergodic stationary sequence,

lim G0+ 81+ -+ 80/(k+ 1) = as.

Let {o(t),t > 0} be a homogeneous irreducible continuous-
time Markov chain taking values in a finite set § = {1, ..., s*} of
positive recurrent states. Define random variable sequence t, = 0,

ter1 = minft|t > &, 0(t) o ()}, k=0,1,.... (1)

Then {t, 1 — ty, k = 0, 1,...} are independent, conditional on
{o(ty),k = 0,1,...} and, for each r € 4, there is a scalar 0 <
pr < o002 such that t,q — t; has the exponential distribution
with parameter p,, conditional on o (t;) = r. In addition, t, —
oo as k — oo with probability one. The embedded Markov
chain is defined as {o (t;), k = 0, 1, ...}, which is homogeneous,
irreducible and takes values in 4. Let w = (@) € R"%" e
its transition probability matrix. According to (1), w;; = O for all
i € 4. Moreover, let # = (i, ..., 7s) be its unique stationary
distribution, i.e, P(oc(ty) = r) = P(c(0) = r) = mx, for
any k, where 7, > Oforalll < r < s*. Here P = P,
is the probability measure generated by the unique stationary
distribution and transition probability matrix ', and then under
P the embedded Markov chain {o (t;), k = 0, 1, ...} is an ergodic
stationary sequence. E = E, is the expectation corresponding to
P. In fact, the obtained conclusions also hold for P = Pz, where 7
is any given initial distribution.

Discrete-time Markovian random graphs were discussed in
Matei et al. (2009), and here we give a corresponding concept for
continuous-time cases.

Definition 1. Let # = {G,,r = 1,...,s"} be a set of digraphs
with n followers and [ leaders. By a continuous-time Markovian
random graph process we understand a map G : 4§ — & such
that G(o (t)) = Gg( for any t > 0, where {o(t),t > 0} is
a continuous-time homogeneous irreducible Markov chain taking
values in a finite set § = {1, ..., s*} of positive recurrent states.

In our multi-agent problem, the dynamic of leaderi (i = n +
1,...,n+1) is expressed as:
h = (h}

hi = fi(h, t), Fts oo LT 2)

where h; € R™ is the position of leader i, and fi(h, t) : R™ xR — R™
is its velocity, piecewise continuous in (h, t). The dynamic of agent
i(i=1,...,n)isdescribed by:

X = v, V= U (3)

2 The irreducibility of Markov chain implies that p, > Oforall 1 < r < s*. Astate
r for which p, = oo means that it is instantaneously left once entered. Without loss
of generality, in this paper we assume p, < oo forall1 <r < s*.
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with
w(t) = —yu®) + Y

JENI(G(o (1))
+ ) GO0 —xi0) + e —u®)]  (4)
JeNif (G(a (1))

a;; () (hj(t) — xi(t))

where x;, v;, u; € R™ is the agent’s position, velocity and control
input, respectively. ¥y > 0 and « > 0 are control parameters. Let
x = &,...,xHDTand v = (],...,v))". G is the continuous-
time Markovian random graph process. {t;, k = 0, 1, ...} defined
in (1) forms the switching time sequence and the interconnection
topology between two successive switching times keeps invariant,
thatis, o (t) = o (t;) fort € [ty, tyr1). Here P(tp 1 —ty < Tlo (t) =
rN=1—e*TforT > 0.

The weights of arcs associated with digraph G, ;) are denoted by
a;(t), i.e., a;j(t) = (A(G,)); if o (t) = r. These weights take values
from a finite set and hence,

a_ <a;(t) <a’ (5)

for two positive constants a™ and a_ if a;;(t) > 0.

Here the velocities of leaders may be unavailable and by 11, . . .,
hy+; are the only measurable variables by the agents once they are
connected to the leader set .L. _

Aset 2 C R™ is said to be convex if (1 — L), + A, € £2 for
any 91,9, € 2and0 < A < 1. Afunctionf : R™ — Ris said to
be convex if f((1 — A)wq + rawn) < (1 —X)f (w1) + Af (w) for any
wi,wy € Rmand 0 < A < 1. For a closed convex set K of a Hilbert
space H, we can associate to any ¢ € H a unique element g (¢) €
K satisfying |9 — g (¥) |2 = infz ¢ |9 — U||2 (Rockafellar, 1972).
Denote 2 = co{hp1, ..., hpyy} as the polytope consisting of all
finite convex combinations of the positions hy 1, . . ., by 2(t) =
co{hpi1(t), ..., hyp(t)} is a time-varying convex set if the leaders
are moving. Define

di, 2) = i — wo ()2, d(n, 2") = max d(n;, £2),

wheren; € R™, n = (n], ..., n})", n > Ois an integer.

Definition 2. The containment with respect to §2(t) with bounded
error can be solved in the expectation sense if for any initial
condition, there are M; > 0, M, > 0 such that

lim sup Ed(x(t), 2" (t)) < Mj,

lim sup E[[v(t) > < Ms.
t—o00 t—o00
The containment with respect to £2(t) with bounded error can be
solved almost surely if for any initial condition, there are M; > 0,
M, > 0 such that almost surely
lim sup d(x(t), £2"(£)) < M,

t—o00

lim sup [[v(t)[l, < M.
t—00

Furthermore, the containment with respect to £2(t) is solved in
the expectation sense and is solved almost surely if M; = 0 and

M; = 0, respectively.
3. Basic analysis

In this section, we give basic analysis for the main results.
Firstly, we give two basic assumptions.

Assumption 1. The set £2(t) is bounded with a certain constant d*,
that is,

d* =sup sup
t>0 01,02€82(t)

lor — o212 < oc. (6)

Assumption 2. The leader set .£ is globally reachable in union
digraph | J;, .+ Gr, where s* is the number of the states of the
considered Markov chain.

These assumptions are reasonable for multi-agent containment
with switching topologies: without Assumption 1, £2(t) may blow
up quickly and cover all the agents without any requirements on
the agent control; without Assumption 2, some agents may be
separated from all leaders and form several sub-systems without
any interconnections between them.

Rewrite system (3) in a compact form:

X =,
b= —((L, + D) ® In)x ™)
—((vly +all)) @ In)v + (AT ® I)h.

Usually, the state matrix of the second-order system (7) is not
Laplacian, unlike those of first-order systems. To overcome the
difficulty, withz = (", h")T andy = T, (x + av)T)T, system
(7) is equivalently transformed to

2(t) = —(Ly ) ® Im)z(t) + c(t), (8)
where c(t) = (0,...,0,f/, (h,t),....fl (h,t))" and
1 1
~I, —1, 0
o o
* 1
L= (— - y) I + aD" (y — 7> L +al  —aA 9
o
0 0 0

Lemma 1. With a® defined in (5), L* in (9) is Laplacian if
1

y = —+ala’. (10)
o

This lemma can be easily verified since all off-diagonal elements
of L* are non-positive and all the diagonal elements are nonnega-
tivewith[*1 = Owith1 = (1, ..., 1)T.Infact, similar results were
obtained in the containment of second-order systems (referring to
Cao and Ren (2010)) with suitably selected v;(t).

A nonnegative matrix is called stochastic if its each row sum
equals to one, and for any s > 0, exp(—sL*) is stochastic and has
positive diagonal elements (Porfiri & Stilwell, 2007). Moreover, we
have the following result, whose proof is quite easy and omitted
here.

Lemma?2. If (p,q) € &, then (exp(—sL*))m+p(n+q > O and
(exp(—SL*))pnt+q) > O, where L* is defined in (9).

Clearly,
Z(tier1) = (€Xp(—(ti+1 — L5 ) ® Im)z(te) + bo (o)

. t]
with bg () = ftkkH exp(—(tir1 — S)L
transition matrix

qj(th’ tk]) = exp(_(tk2+1 - tkz)Lj;([kz))

e exP(_(tl<1+2 - tk1+])L:(fk1+1)) eXD(—(fk1+1 - tkl)L:(tk]))

y ® I;n)c(s)ds. Define the

*
o (tg

(11)
for k, > kq. Then
Z(ti1) = (@ (tiy» try) @ Im)z (i) + bo (g,
+ Y (@t 1) ® In)bagy.- (12)

k] §i<k2

The next lemma is given for the estimation analysis.

Lemma 3. d(-, 2) is convex on R™, where 2 < R™ is closed and
convex. Moreover, d((B ® I)y(t) + (C ® ILn)h(t), 2% (t)) <
IBllocd(y(t), £22"(t)), where B € R*™?" and C e R*™! are
nonnegative matrices and each row sum of (B, C) is one.
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Proof. Since §2 is convex, (1 — M) (g1) + A (cz) € 2 for any
¢1, 62 € RMand 0 < A < 1. Thus,

d((1—=2)g1 + A2, 2)
<A =Msg1+ 16— (1= M)7z(s1) + Ara(s2))l2
<A =Mlsi —ma(cDll2 +Allsa —ma(s2) 2
= (1—A)d(¢1, 2) + rd(c, 2).

Furthermore, forany 1 <i < 2n,

d ( D By + Y (Ojhngi(0), 9(t>)
1<j<2n 1<j<l

< Y B0, 20) + Y (©d(hi(0), ()

1<j<2n 1<j<l
= > Bydy;(0), 2(0) < [Blloedy(t), 2°"(1)).
1<j<2n

Thus, the conclusion follows. O

4. Static leaders

In this section, we consider the target containment problem of
a multi-agent system in the almost sure sense with static leaders.
In this case, system (8) can be written as

i=—( ®ln)z. (13)

Clearly, z(tk+1) = (exp(— (k1 — t) L7 ¢, ) ® Im)z(ti). By Lemma 3,
we can easily obtain the next lemma.

Lemma 4. With (10), d(y(t), 2") is non-increasing along all the
trajectories of system (13).

Here is the main result for static leaders (f; = 0,i € £).

Theorem 1. For system (2) and (3) with (10), the containment
with respect to 2 can be solved almost surely if and only if
Assumption 2 holds.

Proof. Without loss of generality, suppose m = 1 in the proof for
notational simplicity. The necessity part is obvious, next we focus
on the sufficiency part.

Since £ is globally reachable in | J; ., Gr, foreachi € 4, there
exists a path i = g, i1,...,ip fromitoi, € £ in|J;. e Gr,
where iy, € 4 (0 < k < p; — 1). Correspondingly, there exist
ri, € 8 (0 <k < p; — 1) such that (i, ix+1) € E(Grik)- Set

Wi = WilSig, Siys - - Sipy_y) = exp(—sioL;‘}O)
. exp(—SilL;i]) e exp(—s,-pl_qL;kip‘i1 ), (14)

where s;, > 0 and L;‘i is the Laplacian matrix associated
with G,ik. By Lemma 2, (exp(—sioL;“io))i(nHl) > 0 and (exp(—s;,

L:k))(n+ik)()1+ik+1) > 0. Then (Wpim+i,) > 0and (Wi) gviyntip) >
0. Denote W as

W(510,---,Slpl,p--~,5n0,---,5npn,1) =W,---W; (15)

and let N = >°,_;_,ip@ be the number of matrix exponentials
on the right hand of (15). Obviously, for each i = 1,...,n,
W)i+ipy > 0and (W)+iyntip) > 0. Moreover, [[(W) oo <
1 because W is stochastic. Since ||(W).«lloo iS continuous on
bounded closed set [T*, T**]" with two positive numbers T*, T**,
the upper and lower bound can be achieved. Therefore, thereis 0 <
B < 1suchthatforanys; € [T*, T*] (1 <i<n0=<k=<p—1),
[(W)iilloo < B.

Denote W = {W(sy,,..., Sy 12 -+ 2 Sngs -+ ~’5np,,71)|3ik S
[T*, T**]}. Without loss of generality, we assume P(|| (@ (ty—_1, 0) ) s«
lo < B) > 0 with @(-, -) defined in (11). In fact, ifwn-kﬂrik >0
and Dririsn) > 0forall1 <i<nandO < k < p; — 2, then

Hpip-1
we have
P([(@(tn-1, 0))sslloc < B) = P(@(tn-1,0) € W)
> P(A, B8) = P(A|B)P(B)

-l

1<i<n 0<k<p;—2

—pr, T * Hk
— e ’Drlk+1 Wyrs e*/’r,-T _ e*ﬂr,-T
i (H'])PHl*l

£p* >0,

—Pr; T*
1
Prig 1 (e "

where wr”’<“+1>pn+14 = land

A={T"<t1—t<T", ..., T" <ty —ty-1 <T™},
B = {O’(to) = T]pl_l, ...,O’(tpl_1) =T1,...,
0(t215i5n—1pi) =Ty _qs s o (tn—1) = Tn).

Otherwise, for somei € fand 0 < q < p; — 2, Dl = 0.
Since the Markov chain is irreducible, there exist iy, , ig, , . .

4 such that Diipitia, > > 0,...,om, > 0

111 Iquq 'iq
Set erqﬂriq = exp(—siqu;"iuq) e exp(—s,-q2 L;"iq2 ) exp(—siq1 L;*l_q1 ).
On the right hand of (14), we multiply matrix Zriq+1riq between
exp(—siq Ll : ) and exp(—s,-qu,q) and the new product matrix can
I+ 1,

- lg,, €

0, @y,
> gy Tigy

still be denoted as W; for simplicity. Moreover, if thereis 1 < j <

n such that wfj’<i+1>p.+],1 = 0, then similarly we obtain a new
T

product matrix still denoted as W for simplicity.

Take & = X{|(@(trn—1.t0)elloo<p)- (k> k = 0,1,...} and then
{&, k = 0, N, 2N, ...} are ergodic stationary sequences. Based on
the strong law of large numbers,

Sotévt -+ &

lim =E
kLoo k+1 50

=P([(@(tn-1,0))sxllcc < B) =p* >0 as.

Therefore, for almost all sample event w, there is an increasing
sequence {k, = k,(w), v = 1,2, ...} such that §, y = 1, namely,
1(® (ty+1)N=15 tkyN))sxlloc < B. By Lemmas 3 and 4,

d(y(tge,+1n), £2°") < Bd(y(ti,n), £2°7)

< Bdy(tw, ,+1n), 2°) < B2d(Y(te,_,n), £2°7)

< < BYdY(tgn), 2°7) < BUd(yo, 277).
As a result, for almost all the trajectories, there is a subsequence
{k1, ky, ...} such that d(y(tg,+1n), 2%) — O0asv — oo
Thus, lim;_,« d(y(t), 2%") = 0 a.s. by Lemma 4. In addition,
d(x(t), 2™ < d(y(t), 22" implies lim;_, o d(x(t), 2") = 0 a.s.

We complete the sufficiency part by lim sup;_, o, [[v(£)]l2 < Mz =
1 /nd* as. since

1
[vil < — max
o 1<i#j<2n

with d* defined in (6). O

1
i =yl = ~QdQ, Q7" +d*) (16)

5. Moving leaders

In this section, we consider the containment of second-order
agent dynamics with moving leaders.
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Assume random variables {0 (t;), k = 0,1, ...} are indepen-
dent and identically distributed (i.i.d.) with P(o(ts) = 1) =
. (1 <r < s*),which is a special class of Markov chain. In this
case, {ter1 — b, k =0,1,.. .} areiid. andEt; = Y ;o %. We
first show a lemma on the distance estimation.

Lemma 5. d(n+v, 2") < d(n, 2")+|v|l; withv,n € R" and an
integer n > 0. Moreover, d(n, 2" (tyy+1)) < d(n, 2™(ty)) + (tkr1 —
M if |Ifjll2 < M forallj € L.

Proof. Set & = d(n;, £2) and B(£2, &) = {c|d(g, 2) < g} for
some 1 <i < n.Thend(n; 4+ v;, 2(t)) < d(n; + vi, B(2(t), &)) +
g =< lvill2 + dGpi, 2(8)) if n; + v; € R™ \ B(L(t), &), or
d(mi+v;, 2(t)) < & < d(n;, 2(6)) + lvill2 if ni+v; € B(2(t), &)).

Obviously, () (1;) can be expressed as the convex combina-
tion of vertexes of £2 (ty). Let wo ) (171) = Zl<r<l 0rhyir (ty), where
0<6, <1, .6 = 1.Itisnot hard to find that, for any k and
1 <7 <L [lhpr () = hogr (D N2 < (Gi1 — t)M. Therefore,

d(ni, 2(te)) < |1 = Y Orhnsr (1)

1<r<l

2

<|lmi= D 6rhuyr ()
1<r<l 2
+ Z thn+r(tk) - Z thn+r(tk+l)
1<r<li 1=<r=l 2
< d(mi 2(6)) + Y Orllbngr (6 — hogr (B ) 12

1<r<l
< d(mi, 2(t) + (ter1 — LM,
which implies the conclusion. O
Next, we introduce a result in the expectation sense.
Theorem 2. For system (2) and (3) with (10) and Assumption 1, the
containment with respect to §2(t) with bounded error can be solved

in the expectation sense if the velocities of the leaders are bounded
and Assumption 2 holds.

Proof. Still take W with the form of (15) given in Theorem 1. By
Lemmas 3, 5 and (12), we have

dy(ty), 22" (tn)) = d(z(tn), 27 (ty))
< d(z(ty), 2°"(0)) + tvM
< d(®(ty—1,0)2(0), 2*"(0)) + tyM

+ Z D (tn-1, tir)bo() + boey_p)

0<j<N-1

2
< (@ (tn-1, 0)sx |00 (¥(0), £2%"(0)) + twMo,

where My = (1 + +/2n+ )M and M is the upper bound of
the velocities defined in Lemma 5. It is not hard to find that

E[[(@(tn-1,0))sxlloc < 1T—(1— 5)[7* and Ety = N(Z15r53* %)
Then Ed(y(ty), 2*"(ty) < (1 — (1 — B)pHEy(0),

an(o)) + N(Zlgrgs* %)MO.

Similarly, fork = 2,3, ...,
Ed(y(tw), 27" (tw)) < (1 — (1 — Bp")EdY(tk—1n),

2% (b)) + N ( > ’”) Mo.

1§T§S* IOT
(5 2)
1<r<s*
limsup Ed(y(ten), 2% (tiy)) < ———— -
m Sup (ten) (tn)) =< - Ay

Dueto0 <1—(1—p8)p* <1,

In addition, for any ¢ € [ti, tx+nn), dY(t), 22°()) < d(y(ten),
,an(tkN)) =+ (t(k+l)N — tiv)Mp, and then
lim sup Ed(y(t), 2%"(t))

t—>0o0

a+a-prn( Xz )u

1<r<s*
(1 - B)p*
Moreover, by (16) and d(x(t), 2"(t)) < d(y(t),_[zzn(t)), the
conclusion follows with M; defined in (17) and M, = %\/ﬁ
(21\_/11 +d*). 0O

<M, = (17)

Remark 1. From the proof of Theorem 2, Assumption 1 is not
required to prove lim sup,_, ., Ed(x(t), £2"(t)) < M;. Moreover,
by the conditions of Theorem 2 and ||fi(h, t)|l; < M, foralli € £

with lim;_, .. M; = 0, we can solve the containment with respect
to £2(t) in the expectation sense.

Remark 2. Theorem 2 is consistent with Theorem 1. For static
leaders (i = 0,i € £), lim, o Ed(y(t), 2%") = 0 from (17)
by taking M = 0, and then Ed(y(k), 2°") — Oas k — oo.
Clearly, {d(y(k), 2*"),k = 0,1, ...} converges in probability to
0. Then there is a subsequence {d(y(k,), £2°"),v = 0,1,...}
which converges to 0 almost surely (Chow & Teicher, 1997). By
Lemma 4 and the relation d(x(t), 2") < d(y(t), £2°"), we have
that lim;_, o d(x(t), £2™) = 0 almost surely.

Assumption 2 is not necessary in Theorem 2. If the leaders move
in a bounded region, followers may keep bounded even if they may
not be connected to the leaders. In this case, the containment with
a certain bounded error is solved. However, the containment error
bound under Assumption 2 may be much less than that without
Assumption 2, as shown in the following example.

Example 1. Consider a system with one follower and two leaders
in R. The dynamics of two leaders are in the forms of fl,~ =cost,i=
2, 3 with initial conditions h;(0), h3(0). Their solutions are h;(t) =
sin t 4 h;(0). Obviously, Assumption 1 holds. Chooseax = 1, y > 3
and all nonzero weights are one. If §(G;) is empty fori = 2, 3,
then by (4) the dynamic of the follower is X; = vy, v = —yv;
with initial condition (x1(0), v1(0)). Clearly, x;(t) = x1(0) + (1 —
e 7" v1(0)/y.Hence, the containment error bound is max{|x; (0)+
%v1(0) —hi(0)+1], |x:(0) + ;UI(O) —h;(0)—1], i = 2, 3} without
Assumption 2. If §(G;) = {(1, 2)} fori = 2, 3, then Assumption 2
holds and the follower dynamic becomes

5(1 _ 0 1 X1 0
o) =\=1 =y ) o) T sine + mo0) )

We can easily obtain the error

lim sup d(x; (), $2(t)) < max{|A|(1 + |h2(0)])

t—o0
+ [hi(0) 4 1], [A](1 + [h2(0)]) + [hi(0) — 1],i = 2, 3},
where A < 0is the largest eigenvalue of system matrix. If |x;(0) +
51;1 (0) — hy(0)] and |x;(0) + ;vl (0) — h3(0)| are sufficiently large,

the error bound with Assumption 2 is much less than that without
Assumption 2.

Next, we give another assumption to show when the sufficient
topology condition becomes necessary.

Assumption 3. f; = f;
Il fy fih, s)ds|l = oo.

(i,j € L) are bounded limsup,_,
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It is easy to see Assumption 3 implies Assumption 1.

Theorem 3. For system (2) and (3) with (10) and Assumption 3, the
containment with respect to §2(t) with bounded error can be solved
in the expectation sense if and only if Assumption 2 holds.

Proof. The sufficiency has been proved in Theorem 2. Here we only
prove the necessity. If .£ is not globally reachable in |J,_,_« G,
we define the nonempty set 4; = {i € 4 | there is no path from
i to some leader in £ in (J;_, . G}. Thus, all agents of 1 form
a subsystem without connection to vV \ {;. Let n;y = |4;] and

9 — (T T .,T T T T \T ;.
Y=, .., x X Tav X +avin1) ,wherei; € 47 (1 <

X
j < my). Based on (4), we can find a Laplacian L such thatjl(t) =
— (Lo ) ®Im)y(t). Therefore, y(t) = (exp(—(t — ti)Lo () @ Im)¥ (ti)-
Obviously, [[§(t) — §(0)[l2 < +/2m1 MaXq<izj<an, IF:(0) — F;(0)|2.
Let To ) Fi(t)) = D1 r <) Orhpyr (t), where 1 <i < 2n;,0 < 6, <
1,and }",_, 6 = 1.Then

k(©) = | Y Orhuer(© = D Oy (0)
1<r<l 1<r<l 2
< |1 D2 Ohas O = 7O + 1740 — T2 Gi(®) 2
1<r<l 2
+ [Te@@i©) = Y Ohuir (0)
1<r<l 2
< dF(), 2(0) + dFi (), 2(0)) + d*

where k(t) = || fotf,»(h, s)ds||,. From Lemma 5
dF(t), 2°M (1) = k(t) — dF(t), 2°"(0)) — d*
k(t) — d(F(0), 2*"(0)) — d*

—+/2n, 15?;%:11 ly:(0) — y;(0)|l2.

v

On one hand, limsup,_, ., Ed(j(t), 22"(t)) = oo, and then
lim sup,_, o, Ed(y(t), 2"(t)) = oo. On the other hand, again by
Lemma 5,

d(y(t), 2°" (1)) = max {d(x(t), 2"(1)), d(x(t) + av(t), 2"(t))}
d(x(t), 2"(t)) + al[v(©) |-

Consequently, lim sup,_, ., Ed(y(t), 2%'(t)) < M; + aM,. Thus,
the contradiction leads to the conclusion. O

IA

Here is an example for illustration.

Example 2. Consider a system consisting of three followers 1, 2, 3
and two leaders 4,5 in R. For {o(t;),k = 0,1,...}, suppose
{tkx1 — ty, k = 0,1, ...} are independent and have the identical
exponential distribution with p, = 1. Here s* = 3 and
the transition probability matrix corresponding to the embedded
Markov chain is

NI=_N—= O
O N =N =

The arc sets of graphs Gy, G,, Gz are {(2, 3), (1, 4)},{(1, 3), (2,4)},
{(3,2), (3, 5)}, respectively. All nonzero weights are one. Choose
o = 1and y = 3in the control. The three followers track the two
moving leaders with the same velocity f; = fs = 0.5, as showed
in Fig. 1, where we find the tracking error is bounded between the

150

T

the follower 1
— - —  the follower 2
— — —the follower 3

the leaders

100

50

0 20 40 60 80 100

Fig. 1. Track moving leaders.

three followers and the moving segment with two leaders as its
vertexes.

References

Boyd, S., Ghosh, A., Prabhakar, B., & Shah, D. (2006). Randomized gossip algorithms.
IEEE Transactions on Information Theory, 52(6), 2508-2530.

Cao, Y.,&Ren, W. (2010). Distributed containment control for multiple autonomous
vehicles with double-integrator dynamics: algorithms and experiments. IEEE
Transactions on Control Systems Technology, (99), 1-10.

Chow, Y., & Teicher, H. (1997). Probability theory: independence, interchangeability,
martingales. New York: Springer-Verlag.

Couzin, I, Krause, J., Franks, N., & Levin, S. (2005). Effective leadership and decision-
making in animal groups on the move. Nature, 433(3), 513-516.

Dimarogonas, D., Tsiotras, P., & Kyriakopoulos, K. (2009). Leader-follower
cooperative attitude control of multiple rigid bodies. Systems & Control Letters,
58(6), 429-435.

Godsil, C., & Royle, G. (2001). Algebraic graph theory. New York: Springer-Verlag.

Hong, Y., Chen, G., & Bushnell, L. (2008). Distributed observers design for leader-
following control of multi-agent networks. Automatica, 44(3), 846-850.

Hu, ], & Feng, G.(2010). Distributed tracking control of leader-follower multi-agent
systems under noisy measurement. Automatica, 46(8), 1382-1387.

Jadbabaie, A., Lin, J., & Morse, A. (2003). Coordination of groups of mobile agents
using nearest neighbor rules. IEEE Transactions on Automatic Control, 48(6),
988-1001.

Ji, M,, Ferrari-Trecate, G., Egerstedt, M., & Buffa, A. (2008). Containment control in
mobile networks. IEEE Transactions on Automatic Control, 53(8), 1972-1975.
Liu, B, Lu, W,, & Chen, T. (2011). Consensus in networks of multiagents with
switching topologies modeled as adapted stochastic processes. SIAM Journal on

Control and Optimization, 49(1), 227-253.

Matei, I, Martins, N., & Baras, J. (2009). Consensus problems with directed
Markovian communication patterns. In Proceedings of the American Control
Conference, (pp. 1298-1303). St. Louis, MO, USA.

Meng, Z., Ren, W., & You, Z. (2010). Distributed finite-time attitude containment
control for multiple rigid bodies. Automatica, 46(12), 2092-2099.

Norris, J. (1997). Markov chains. Cambridge: Cambridge University Press.

Olfati-Saber, R. (2006). Flocking for multi-agent dynamic systems: algorithms and
theory. IEEE Transactions on Automatic Control, 51(3), 401-420.

Porfiri, M., & Stilwell, D. (2007). Consensus seeking over random weighted directed
graphs. IEEE Transactions Automatic Control, 52(9), 1767-1773.

Ren, W., & Beard, R. (2008). Distributed consensus in multi-vehicle cooperative control.
London: Springer-Verlag.

Rockafellar, R. (1972). Convex analysis. New Jersey: Princeton University Press.

Ross, S. (1983). Stochastic processes. John Wiley & Sons.

Shi, G., & Hong, Y. (2009). Global target aggregation and state agreement of
nonlinear multi-agent systems with switching topologies. Automatica, 45(5),
1165-1175.

Su, H., Wang, X., & Lin, Z. (2009). Flocking of multi-agents with a virtual leader. IEEE
Transactions on Automatic Control, 54(2), 293-307.

Tahbaz-Salehi, A., & Jadbabaie, A. (2010). Consensus over ergodic stationary graph
processes. I[EEE Transactions on Automatic Control, 55(1), 225-230.



Y. Lou, Y. Hong / Automatica 48 (2012) 879-885 885

Zhang, Y., & Tian, Y. (2009). Consentability and protocol design of multi-agent
systems with stochastic switching topology. Automatica, 45(5), 1195-1201.

Youcheng Lou received his B.S. degree in Mathematics
and Applied Mathematics from Zhengzhou University,
Zhengzhou, China, in 2008. He is currently a Ph.D.
candidate of Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing, China. His
research interests include multi-agent systems and social
learning networks.

Yiguang Hong received his B.Sc. and M.Sc. degrees from
Dept. of Mechanics, Peking University, China, and his Ph.D.
degree from Chinese Academy of Sciences (CAS). He is
currently a professor in Academy of Mathematics and
Systems Science, CAS. He is the director of Key Lab of
Systems and Control, CAS, and the director of Information
Technology Division of National Center for Mathematics
and Interdisciplinary Sciences, CAS.

His research interests include nonlinear control,
multi-agent systems, and robotics. He has published one
book and about 80 journal papers. Also, he is a recipient of
Guangzhaozhi Award of Chinese Control Conference (in 1997), Young Author Prize
of [FAC World Congress (in 1999), Young Scientist Award of CAS (in 2001), Youth
Award for Science and Technology of China (in 2006), and National Natural Science
Prize of China (in 2008).



	Target containment control of multi-agent systems with random switching interconnection topologies
	Introduction
	Preliminaries and formulation
	Basic analysis
	Static leaders
	Moving leaders
	References


